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Abstract  Existence theorems are given for the problem of finding a point (zg, xo) of a set
E x K suchthat (z9, xo) € B(z0, x0) X A(z0, x0) and, forall n € A(zo, xo), (F(zo, X0, X0, 1),
C(zo, X0, X0, 1)) € o where « is a relation on oY (i.e., a subset of 2Y 2Y), A ExK —
2K B:ExK —2E C:ExKxKxK—2"andF:ExK x K x K — 2Y are
some set-valued maps, and Y is a topological vector space. Detailed discussions are devoted
to special cases of @ and C which correspond to several generalized vector quasi-equilibrium
problems with set-valued maps. In such special cases, existence theorems are obtained with
or without pseudomonotonicity assumptions.

Keywords Quasivariational inclusion problem - Set-valued map - Existence theorem -
Pseudomonotonicity - Generalized concavity

1 Introduction

It is known [4] that equilibrium problem provides a unified approach to various problems in
optimization theory, saddle point theory, game theory, fixed point theory, variational inequal-
ities. . . In recent years, much attention is paid to generalized quasi-equilibrium problems.
The generalized quasi-equilibrium problem in its simplest form is the problem of finding a
point (z0, xo) € E x K such that (zg, xo) € §(xo) X ;\\(xo) and

9(z0.x0.m) = 0, ¥y € A(xo),

where E (resp. K) is a subset of a topological vector space Z (resp. X), A:K — 2K and
B : K —> 2F are set-valued maps, and ¢ : E x K x K —> Ris a function. The generalized
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quasi-equilibrium problem and its extensions are investigated in [5,6,20,21,23,28,37,41-43]
under various assumptions. An existence result for such a problem is obtained in [5,Theorem
3.1] under the assumption that K is a convex compact set, f is a continuous function and
A is a set-valued map which is continuous in the sense of [3]. It is shown [41,Theorem 2]
that the continuity property of f can be weakened to the lower semicontinuity property if A
belongs to a strictly smaller subclass A of the class of continuous set-valued maps. Namely,
A consists of set-valued maps A which are upper semicontinuous [3] and which have lower
open sections, i.e., X’l(x) ={eK:xe Z(&)} isopenin K for each x € K. However, it
is known [28,p. 178] that, for K being a convex compact set, each map A € Ais a constant
(set-valued) map, i.e., A does not dependon & € K. So, Theorem 2 of [41] cannot be applied
to non-constant set-valued maps A.

In [17] four generalized versions of the above quasi-equilibrium problem are introduced.
More precisely, assuming that § : E x K x K —> 2% and C : K —> 2¥ are set-valued
maps, the authors of [17] consider the following problems (E), i=1,2,3,4:

Problem (P;) :  Find (29, x0) € E x K such that (z9, x0) € B(x9) x A(xp), and

@ (@(z0, X0, 1), C(x0)), V1 € A(xo),
where o; is a relation on 2 (i.e. o; is a subset of 2¥ x 2¥) defined by

ap = {(M,N)e2" x2¥: M ¢ N},
{(M,N)e2" x2¥: M c N},

o3 {(M,N) e2’ X2Y:MﬂN7é(7J(theempty set)},
ag= {M,N)e2" x2¥ :MnN =0},

o2

and the symbol «; (M, N) is used to denote that (M, N) € «;.

Under the assumption that A'is a set-valued map having open lower sections, and under
other suitable assumptions, several results for the existence of solutions of each of Problems
(I/D\,-) are established in [17,Theorems 3.1-3.5]. Unfortunately, as we will see in Sect. 3, the
assumptions used in these theorems are not sufficient for the correctness of these results.

The aim of this paper is to give existence results for the following general model:

Problem (P,) : Find apoint (z9, x9) € E x K such that (z¢, x9) € B(zo, x0) X A(z0, X0)
and

a(F(zo, x0, X0, 1), C(20, X0, X0, 1)), Vn € A(z0, X0), (L.1)

where « is a relation on the power set 27 of a topological vector space Y (i.e. « is a subset of
2Y % 2¥), E (resp. K) is a nonempty convex subset of a locally convex Hausdorff topological
vector space Z (resp. X), A : ExK — 2K B: ExK — 2, C: ExKxKxK — 2
and F : E x K x K x K —> 2Y are set-valued maps with nonempty values.

Observe that Problem (P, ) provides a general model which includes as special cases many
known generalized scalar/vector quasi-equilibrium problems. Let us illustrate this remark by
some recent problems which can be regarded as Problem (P,) with appropriate choice of
o,A,B,Cand F.

(i) Each of Problems (i’; ), i = 1,2, 3,4, which is formulated above and is studied in [17],
corresponds to Problem (P,) with A(z, £) = A(€), B(z, £) = B(£), C(z. &, x,n) = C(x),
F(z,€,x,n) = ¢(z,x,n) and o = «;, i = 1,2,3,4. Problems (P), i = 1,2,3,4,
include as special cases several known set-valued vector equilibrium problems investigated
in [1,8,10,13,22,25,30,34,35,38].
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(ii) The papers [39,43] deal with the following Problems (P1) and (P) :
R Problem (Py) (resp. Problem (P»)): Find (z0, x9) € E x K such that (zo, x9) € B(zo, X0) X
A(xp) and

@ (20, x0, 1) C C(20, X0, %0), VY € A(xp),
(resp.  @(zo, x0, X0) C C (20, X0, 1)), Vn € A(xop))

where A: K — 2K B Ex K—2F C: ExK xK—2" and§: E x K x K—>2¥
are set-valued maps. Obviously, Problem (P]) is exactly Problem (P,) with Az, §)= A(S)
C(z,&,x,n)= C(z £, X), Fz,8,x,m) = (p(z x,n) and a=ay. Problem (Pz) is Problem
(Py) with A(z, §) = A(§), C(z, &, x,m7) = C(z, x, 1), F(z, &, x, 1) = §(z, &, x) and a=axs.

(iii)) Some existing papers (see e.g. [8,9,15] and references therein) consider simpli-
fied versions of the problem of finding a point (z9, xo) € E x K such that (zg, xg) €
B(zp, x0) x A(z0, x0) and, for each n € A(zp, x0), there exists y € F(zo, X0, X0, ) with
y ¢ Cc (z0, X0, X0, n) where A, B and F are as in the formulation of Problem (Py) and C:
ExKxKxK —> 2Y isaset-valued map. Since the existence of apointy € F(z¢, X0, X0, 17)
with y ¢ 6(20, X0, X0, 17) means that F(zq, xg, x9, n) N [Y\@(zg, X0, X0, 11)] # @, we see that
the above problem is a special case of Problem (P,) with C(z, &, x, n) := Y\(?(z, £,x,1m)
and @ = «a3. This explains that our general model includes as special cases all the problems
mentioned in [8,9,15].

(iv) In [14,24] some simultaneous vector quasi-equilibrium problems are examined. More
precisely, assume that g; : K1 x Ky x K —> 27 g Ky x Ky x Ko —> 22
A K xKy—2Ki j=1,2,andC; : K; x Ko — 2%, i = 1,2, are set-valued maps
where Y;, i = 1,2, are topological vector spaces and K;, i = 1,2, are nonempty convex
sets of topological vector spaces X;, i = 1, 2. One of the problems considered in [24] is the
following Problem (}”;1,4) :

Problem (P4 4) : Find a point (x{, x9) € K| x K3 such that x? € A; (x{, x9), i = 1,2,
and

g1(xf, xd, ) Nint C (), x9) =B, Vi1 € A(x), x), (1.2)

227, x5, m) Nint Co(x), x3) =B, Vi € Az (x], x3), (1.3)

where we assume that @ # int C; (&1, &) # Y; foralli = 1,2 and (&1, &) € K| x K3. (The
symbol “int" denotes the interior.)

Some approaches can be used to show that Problem (134,4) is a special case of Problem
(Py). Let us mention one of them. For this purpose, let us introduce the Cartesian products
X=X1xXo, Y=Y xYoand K = K| x Ky. For§ = (£1,&) € K, x = (x1,x) € K
and n = (n1, m2) € K, letus set

F(z,&, x,m) = g1(61, x2,m) x g2(x1,82,m) C Y,
C(z,&,x,n) = [V1\int C1(§1, &)] x [Y2\int C2(&1, &2)] C
A(z,¢) = A1(61,5) x Az(61, &) C K.

Then obviously, conditions (1.2) and (1.3) can be rewritten as the unique requirement that
F(z0, x0, x0, 1) C C(20, X0, X0, M), V1 € A(20, X0),

where xg := (x?, xg) and n = (n1, n2). Now it is clear that Problem (13\4,4) can be regarded
as Problem (P,) if we define the relation o on 2¥ = 2Y1X2 a5 the family of all pairs
(M, N) € 2Y x 2Y such that the conditions (M;, N;) € o and (Ma, N3) € a3 are simul-
taneously satisfied, where M| and M» (resp. N1 and N;) are the “components" of M (resp.
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N),ie, M =M x My, CY =Y x Yy (resp. N = Ny x N CY =Y x ¥3). Recall that
(M;, N;) € oy means that M; C N;. It is worth noticing that in our case the set E and the
set-valued map B play no role in Problem (Py) since by the above definitions F, C and A
do not depend on z.

The symmetric vector quasi-equilibrium problem investigated in [14] is to find a point
(), x)) € Ky x K C X1 x Xp such that x? € A;(x{,x9), i = 1,2, and

1 (), x9) — 11, x9) ¢ int €1, Vi € Ar(x}, 1Y),
(), X)) — ea(x), ) ¢ int C2, Yo € Ax(x), xD),

where X;, Y;, K; and A;, i = 1,2, are as above, ¢; : K1 x Ko — Y;, i = 1, 2, are single-
valued maps and C; C Y;, i = 1, 2, are (constant) closed convex cones with nonempty inte-
rior (C; # Y;,i = 1,2). Asin the case of Problem (134,4), this problem of [14] can be regarded
as Problem (P,) if foreach & = (£1,&) € K = K1 x Ky, x = (x1,x) € K = K| X K3
andn = (n1,m2) € K = K| x K>, we set

F(z,&,x,n) =lei1(x1,&) —o1(n1,8)] x [¢2(81, x2) — 02(&1, m2)],
C(z,&,x,n) =[Y1\int C1] x [Y2\int C>].

(The set-valued map A and the relation « are as above.)

The main result of this paper is Theorem 3.1 which gives sufficient conditions for the
existence of solutions of Problem (P ) with arbitrary relation . We will study in detail the
special case when o = «;, i = 1, 2, 3,4, and C does not depend on n and can be expressed
as the sum of a convex set and a convex cone (see the maps (3.13) and (3.14) below). In
particular, we will obtain correct results for the vector quasi-equilibrium problems in [17]
under assumptions quite different from those of [17] and we will see that some known results
of [5,6,13,14,20,21,23,39,43] are special cases of our main result.

We conclude this introduction by observing that the assumption of existence of open lower
sections of some set-valued maps is not used in proving our results. We refer the reader to
the recent papers [16,32,37] where such an assumption is needed for investigating problems
which can be viewed as special cases of Problem (P, ) or which are similar to Problem (Py,).

2 Preliminaries

Let X be a topological space. Each subset of X is a topological space with a topology induced
by the given topology of X. In this paper, neighbourhoods of x € X are understood as open
neighbourhoods, and they are denoted by U (x), U;(x), Uz(x), ... The symbols cl A, intA
and co A are used to denote the closure, interior and convex hull of A.

We use the symbol f : X —> 2% to denote that f is a set-valued map between two
topological spaces X and Y. Let im f and gr f be the image and graph of f :

imf=fx)=J o,
xeX
grf={x,y)eXxY:ye f(x)}

If g : X —> 2" is another set-valued map, then we write f C g if f(x) C g(x) for all
x € X.If ¢ : X — 27 is a set-valued map between topological spaces X and Z, then the
mapV = f x ¢ : X — 2V*Z is defined by V(x) = f(x) x ¥ (x) forall x € X.
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We will use the continuity properties of set-valued maps in the usual sense of [3]. Namely,
f is upper semicontinuous (usc) if for any x € X and any open set N D f(x) we have
N D f(x') for all x” from some neighbourhood U (x) of x. Map f is lower semicontinuous
(Isc) if for any x € X and any open set N with f(x) " N # @ we have f(xX') NN # @
for all x’ from some neighbourhood U (x) of x. Map f is continuous if it is both usc and
Isc. If gr f is a closed (resp. open) set of X x Y, then we say that f has closed (resp. open)
graph. A map having closed graph is also called a closed map. Map f is compact-valued
(resp. closed-valued) if for all x € X f(x) is a compact (resp. closed) subset of Y. Map f
is compact if im f is contained in a compact set of Y. Observe that if f : X — 2 and
¥ X —> 27 are compact then f x v is compact. Map f is acyclic if it is usc and if, for all
x € X, f(x)isnonempty, compact and acyclic. Here a topological space is called acyclic if
all of its reduced Cech homology groups over rationals vanish. It is known that contractible
spaces are acyclic; and hence, convex sets and star-shaped sets are acyclic. Observe that the
Cartesian product of two acyclic sets is acyclic (see the Kiinneth formulae in [33]).

We will need the following fixed point theorem due to Park [36,Theorem 7].

Theorem 2.1 Let K be a nonempty convex subset of a locally convex Hausdorff topological
vector space X. If f : K —> 2K is a compact acyclic map, then f has a fixed point, i.e.,
there exists xo € K such that xo € f(xop).

Assume that « is a relation on 27, i.e., & is a subset of the Cartesian product 2Y x oY,
For two sets M € 2¥ and N € 2¥, we write a(M, N) if and only if (M, N) € «. Denote
by @ the relation on 2 defined by @ = 2¥ x 2¥\ . Then the symbol @(M, N) means that
(M, N) ¢ a. We now give some propositions for later use.

Proposition 2.1 Let X be a Hausdorff topological vector space and let Y be a topological
vector space. Let o and B be arbitrary relations on 2¥ . Let a C X be a nonempty com-
pact convex subset, and f :a xa — 2¥, c:axa — 2¥, g :axa — 2V and
d:a x a —s 2V be set-valued maps with nonempty values such that

(i) Forall (x,n) €a xa,
alf@x,m, clx,m) = B(glx,m),d(x,n).
(ii) Forall n € a, the set
s ={x €a:pgx,n,dx, )}

is closed in a.
(iii) Forall x € a, the set

1(x) ={nea:alflx, n,cx, )}

is convex.
(iv) Forall x € a, a(f(x,x),c(x,x)).

Then the set
{x€ea:B(glx,n,dx,n), Vnea}

is nonempty.

Proof This is an easy consequence of the KKM-Lemma (see [11]) applied to the map s :
a —> 2% defined in (ii). Indeed, first observe that s has nonempty closed values. In addition,
it is a KKM-map in the sense that
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n
cofnj. j=12.....npC|Jsnj)
j=1

for all points n; € a, j = 1,2,...,n, where n is an arbitrary positive integer. Indeed,
otherwise there exist n; € a, j=1,2,...,n,and x € co{n;, j =1,2,...,n} such that

x ¢ | Js@mp,

j=1

Blg(x,nj),d(x,n;)), Vj=1,2,...,n.

By condition (i) n; € t(x), forall j = 1,2, ..., n. Because of the convexity of 7(x) (see
(iii)) this yields x € t(x), i.e., o(f(x,x),c(x,x)), a contradiction to (iv). Applying the
KKM-Lemma (see [11]) proves that there exists a point xg € a such that xo € s(n) for all
n € a. The conclusion of Proposition 2.1 is thus established. O

Remark 2.1 When a is not compact, Proposition 2.1 remains true under the following coer-
civity condition: there exist a nonempty compact set a; C a and a compact convex set b C a
such that, for all x € a\aj, there exists n € b with B(g(x, n), d(x, n)).

Remark 2.2 When B = «; (resp. @ = «;), i = 1, 2, 3, 4, sufficient conditions for the vad-
ility of condition (ii) (resp. (iii)) of Proposition 2.1 are given in Corollary 3.2 below (resp.
Proposition 2.3 below).

Proposition 2.2 Let o and B be arbitrary relations on 2 . Leta C X be a nonempty convex
subset, and let f,c, g, d : a x a —> 2 be set-valued maps with nonempty values. Assume
that

(i) Forall (x,n) € a x awith x #n, if a(f(x,n),c(x,n)) then o(f(u,n),c(u,n))
for some u € \x, n[.

(ii) Forall (x,n) € a x awith x # nand forall u € ]x,nl, if B(g(x,u),d(x,u)) then
a(f @, n),clu,n)).

(iii) Forall x € a, a(f(x,x), c(x, x)).
Then
{x €a:Bglx,n,dx,n), Vnea} C{xeca:al(f(x,n,clx,n), VYnea}l

Proof Assume to the contrary that the conclusion of Proposition 2.2 is not true. Then there
exists x € a such that

Vnea, B(glx,n),d(x,n) 2.D

and

¥ ea, a(f(x,8),clx, 8).

From this and from 7(iii) it follows that x # &. Hence, from (i), o(f (u, &), c(u, £)) for some
u € lx, &[. By (i) B(g(x,u),d(x,u)). This contradicts (2.1) since u € a. O
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Remark 2.3 Condition (ii) of Proposition 2.2 holds if condition (iii) of Proposition 2.2 is
satisfied and if

(ii) For all (x,n) € a x a with x # nand for all u € |x, n[, if B(g(x,u),d(x, u)) and
a(f(u,n), clu,n) then a(f(u,u), c(u,u)).

Indeed, if condition (ii) of Proposition 2.2 does not hold, then by (i)’ we have
o(f(u,u),c(u,u)), acontradiction to condition (iii) of Proposition 2.2.

Remark 2.4 Condition (i) of Proposition 2.2 holds if for all (x, ) € a x a with x # n the
set

{uelx,n]: a(f(u,n),clu,n)} 2.2)

is open in [x, n].

Remark 2.5 From Corollary 3.2 to be given in Sect. 3 it follows that for (x, n) € a x a with
x # n the set (2.2) is open in [x, 1] (and hence, by Remark 2.4 condition (i) of Proposition
2.2 holds) under one of the following conditions:

1. a=ay, fG,n):[x,n] — 27 isusc and compact-valued, and c(-, ) : [x, n] — oY
has open graph.

2. a=uas, fC,n):[x,n] — 2YVislscand ¢(-, n) : [x, n] —> 2" has closed graph.

3. a=w3, f(,n):[x,n] — 2% isusc and compact-valued, and c(-, ) : [x, n] — oY
has closed graph.

4. a =oay, fC,n):[x,n] — 2¥islscand c(-,n) : [x, n] —> 2Y has open graph.

We now introduce some generalized convexity and concavity notions for set-valued maps
which are useful for checking condition (iii) of Proposition 2.1 witho = o, i = 1, 2, 3, 4.

Let a C X be a nonempty convex set, ¢’ C Y be a convex cone, and f : a —> 2Y be a
set-valued map.

Map f is called ¢’-convex on a if forall x; € a,i = 1,2, and y €]0, 1]

flxi+ @ =y)x) Cyfan)+1—y)fl)—c.
Map f is called proper ¢’-quasiconvex on aifforallx; € a, i = 1,2,andx € co {x;, i =
1,2},
either f(x) C f(x1) — ¢/,
or f(x)C flx)—c.

Map f is called natural ¢’-quasiconvex on a if forallx; € a, i = 1,2, and y €]0, 1|

Fflyxi+ A —=py)x) Ceo{f(x), i=12}—¢.

Observe that the above notions of generalized convexity extend the corresponding notions
of [12,40] for the single-valued case to the set-valued case. Observe also that convexity =
natural quasiconvexity, and proper quasiconvexity = natural quasiconvexity. It is known
[12] that even in single-valued case the converse of each of these implications is not true in
general.

We now give some notions of generalized concavity.

Map f is called ¢’-concave on a if forall x; € a,i = 1,2, and y €10, 1[

YD+ A=) fx) C flyxi+0—y)x) —c.
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Map f is called proper c¢’-quasiconcave on a if for all x; € a, i = 1,2, and x €
co{x;, i =1,2},

either f(x1) C f(x) — ¢/,
or f(x2) C f(x)—c.

Map f is called generalized proper ¢’-quasiconcave on a if forallx; € a, y; € f(x;), i =
1,2, and x € co {x;, i = 1, 2}, there exists y € f(x) such that

either y; €y — ¢/,
or yyey—c.

Obviously, proper quasiconcavity = generalized proper quasiconcavity, and the converse
implication is true in case f being single-valued.

When f is single-valued, the above notions of concavity and proper quasiconcavity are
reduced to the known notions in [12,40].

Let 2 C Y be a nonempty set and let

Ou= f{xea:a(f(x),h+c)},
go = {x €a:a(f(x),h+intc)}.

When dealing with g, we always assume that int ¢’ # ¢J. The following proposition, whose
easy proof is deleted, gives conditions under which Q, and g, are convex.

Proposition 2.3

1. If f is generalized proper (—c')-quasiconcave on a, then Qq, and qy, are convex. If
intc' # W and if f is generalized proper (—int c')-quasiconcave on a, then for all
X € Qu s EQqo, andu € |x, n[ we have u € Q.

2. If f isnatural (—c")-quasiconvex on a and if h is convex, then Qy, and qy, are convex.
If in addition int ¢’ # @, then for all x € Qu,, N € qa, and u € 1x, n[ we have u € qq,.

3. If fisc-concave on a and if h is convex, then Qq, and qq, are convex. If in addition
int ¢’ # @, then for all x € Quss 1 € oy and u € 1x, n[ we have u € qq;.

4. If f is proper ¢'-quasiconvex on a, then Qq, and qy, are convex. If int ¢’ # @ and f is
proper (int ¢')-quasiconvex on a, then for all x € Qqu,, 1 € qa, and u € 1x, n[ we have
u€ Qq-

3 Main result

From now on we assume that Y is a topological vector space, X and Z are locally convex
Hausdorff topological vector spaces, and K C X and E C Z are nonempty convex sets. We
alsoassume that A : Ex K — 2K B Ex K — 28, F: W —2Y C: W — 2Y,
G:W — 2Yand D : W — 2" are set-valued maps with nonempty values, where
W := E x K x K x K denotes the Cartesian product of topological spaces E, K, K and K.

In this section, we are interested in conditions under which there exists a solution of Prob-
lem (Py) formulated in the Introduction. Before mentioning these conditions let us discuss
some earlier results. In [41,Theorem 2] and in [6 Corollary 3.3] it is assumed that K is a
compact convex set and A(z, &) = A(S ) where A:K — 2Kisa upper semicontinuous
closed valued map having open lower sections (see the Introduction). Under these assump-
tions A must be a constant set-valued map, i.e., A(E) does not depend on S € K (see [28,p.
178]). So Theorem 2 of [41] and Corollary 3.3 of [6] cannot be applied if A is a non-constant
set-valued map.
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In [17,Theorem 3.1] the following existence result is obtained for Problem (131) formu-
lated in the Introduction: Assume that E C Z and K C X are nonempty compact convex
sets. Assume, in addition, that

(i) A: K — 2K is a set-valued map with nonempty closed convex values and open
lower sections.
(i1) B:K — 2Fisa upper semicontinuous map with nonempty closed acyclic values.
(iii) Co: K —> 2Y is a set-valued map with int Co(x) # ¢ forall x € K.
(iv) ¢: E x K x K — 2" is a set-valued map such that

(a) Forany n € K, the set
{(z.,x) € Ex K : @(z,x,n) C —int Co(x)}

isopenin E x K.

(b) For any z € E, the set-valued map ¢(z, x, ) of the variable (x,n) € K x K is
weak Type II Co-diagonally quasiconvex [17] in the variable 7, i.e., for any finite
set L = {n;, i = 1,2,...,n} C K and any point € co L there exists a point
n; € L such that ¢(z, n, n;) ¢ —int Co(n).

Under these assumptions Theorem 3.1 of [17] claims that there exists a solution of Prob-
lem (Pp) with C(x) = —int Co(x) for all x € K. We now give an example proving that these
assumptions are not sufficient for the validity of the conclusion of Theorem 3.1 of [17].

Cot/l\nterexampl/e\ 3.1 Consider Problem (1?1) where X =Y =Z=R,E=K=1[0,1]C
R, B(x) = {1}, C(x) = —int Ry, @(z, x, n) = {z(x —n)} C Rforall z, x,n € [0, 1] and

&m:[muiﬁxemu
), if x=1.

Let us set Co(x) = R4. To see that Theorem 3.1 of [17] can be applied to the above
example, it suffices to verify condition (b) since other conditions are clear. Indeed, let us fix
z € E = [0, 1]. For any finite set L = {;, j =1,2,...,n} C K = [0, 1] and any point
n €coL,letustake n; = min{n;, j =1,2,...,n}. Thenn; < nandhence, z(n—n;) >0
for all z € E = [0, 1]. Thus, for fixed z € E, 9(z, n, n;) ¢ —int Cy(n), i.e., condition (b)
is valid. By [17,Theorem 3.1] there exists a solution (zq, xo) of Problem (13\1). Therefore,
x0 € [0,1[, zo = 1 and zo(xo — 1) > O forall n € X(xo) = [0, 1], i.e., xo > n for all
n € [0, 1]. This is impossible.

We have shown that Theorem 3.1 of [17] is incorrect. Example 3.1 also proves the incor-
rectness of Theorems 3.2 and 3.3 of [17]. Now, if in Example 3.1 we replace the condition
Cc (x) = —int R4 by the condition Cc (x) = Ry, then we will obtain a counterexample show-
ing that Theorems 3.4 and 3.5 of [17] fail to hold. Thus, all the results of [17] giving the
existence of solutions of Problems (ﬁ,- ),i =1,2,3,4, are incorrect.

In this section, we will obtain a general existence theorem for Problem (P,) formulated
in the Introduction. We will discuss in this section and in the subsequent section the special
cases of Problem (P,) where « is one of the relations «;, i = 1, 2, 3, 4. Observe that our
main result (Theorem 3.1) can be applied to non-constant set valued map A, and can be
used to derive correct existence theorems for Problems (i’;), i =1,2,3,4, as well as some
known results of [5,6,13,14,20,21,23,39,43].

The proof of the main result of this paper is based on two lemmas. Before formulating the
first of them let us introduce the following notion of a B-pair where S is an arbitrary relation
on 2" The pair of maps (G, D) is called a S-pair if
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either (i) G is usc and compact-valued, and there exists a set-valued map Q : W — 2¥
with open graph such that forall w € W

B(G(w), D(w)) <= G(w) ¢ Q(w). (3.1

or (i) G is Isc, and there exists a set-valued map Q : W —> 2¥ with closed graph such
that forallw e W

B(G(w), D(w)) <= G(w) C Q(w). (3.2)
Proposition 3.1

1. If G isusc and compact-valued, and if D has open graph, then (G, D) is a B-pair with
B =ua.

2. If Gislsc, and if D has closed graph, then (G, D) is a B-pair with = .

3. If G is usc and compact-valued, and if D has closed graph, then (G, D) is a B-pair
with B = 3.

4. If Gislsc, and if D has open graph, then (G, D) is a B-pair with B = 4.

Proof To prove the first and second claims, it suffices to take O = D. To prove the third and
fourth claims, it is enough to take Q = D, where D is defined by

Dw)=Y\Dw) (weW),

and observe that D has open (resp. closed) graph if and only if D has closed (resp. open)
graph. O

Lemma3.1 Let A : E x K —> 2K be a lsc map. Let B be an arbitrary relation on 2Y . Let
(G, D) be a B-pair. Then the map g : E x K — 2K defined by

9p(z.8) ={x € K:B(G(z,§,x,m), Dz, & x,m), Yne A ),

has a closed graph.
Proof To prove that the graph of ¢g, i.e., the set

grop:={(z.8,x) € ExX K x K :x € ¢p(z,85)},

is closed, it suffices to show that the complement of this graph in the topological space
E x K x K is open, i.e., if (z,§,X) ¢ gr ¢g then there exist neighbourhoods U (z), U (§)
and U (X) such that

(z,8,x) ¢ grog, (3.3)

forall (z,&,x) € U(Z) x U(E) x U (X). We first assume that the pair (G, D) satisfies condi-
tion (i) in the definition of a B-pair. Since (Z, £, X) ¢ gr @p there exists 7 € A(Z, &) such that
B(G(W), D(W)), i.e., G(W) C Q(W), where ¥ := (Z, £, %, 7) and Q is the map appearing
in condition (i). In other words, we have

(w, G(w)) C gr Q. (3.4
Observe from [3,Proposition 7, p.73] that the map g : W — 2W>Y defined by

g(w) = (w, G(w)), (3.5)
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is usc since G is usc and compact-valued. Since g(w) C gr Q (see (3.4)) and since gr Q is
an open set, we derive from the upper semicontinuity of g that there exist neighbourhoods
Ui1(2), U1(§), U(X) and U (7)) such that g(w) C gr Q, i.e.,

G(w) C Q(w), (3.6)

forallw := (z, &, x, 1) € UW) := U;Z) x Ui (§) x UR) x U®).

Observe now that 7 € A(Z, £) N U (7)) which implies that A(Z, £) N U (7)) # @. Therefore,
by the lower semicontinuity of A there exist neighbourhoods U (z) C Uj(z) and U (’5) C
U (€) such that

Az, §) NUGm #9, (3.7

forall z € U) and & € U(€). We claim that (3.3) holds for all (z, &, x) € U(2) x U(E) x
U (X). Indeed, since z € U(Z) and & € U(§), there exists n € A(z, &) N U(7) (see (3.7)).
Setting w = (z, &, x, n) € U(w) we get from (3.6) G(w) C Q(w), i.e.,

B(G(w), D(w)) (see (3.1)). (3.8)

Thus, for all (z,&,x) € UZ) x U(g) x U(x) we find n € A(z, &) satisfying (3.8). This
proves (3.3), as desired.

We now prove (3.3), assuming that the pair (G, D) satisfies condition (ii) in the definition
of a B-pair. Since (Z, £, %) ¢ gr @p there exists 7 € A(Z, &) such that B(G(@), D(W)), i.e.,
G(@W) ¢ Q(W) where @ = (Z, €, X, 7)) and Q is the map appearing in condition (ii). In other
words, for some y € G(w) we have y ¢ Q(w), or equivalently, (w, ¥) ¢ gr Q. From this
and from the closedness of gr Q it follows that there exist neighbourhoods U, (Z), U; (E),
Ui (X), Ui (7)) and U (y) such that (w, y) ¢ gr Q, i.e.,

y ¢ Q(w), (3.9

forallw = (z, &, x,n) € Up(w) := U (Z) x Ul(g) x U (x)xUi() and y € U;(y). Observe
that G(w) N Uy(y) # P since y € G(@)~ﬂ U1 (y). Hence, by the lower semicontinuity of
G there exist neighbourhoods U3 (Z), Uz (), Uz (X), and U, (77) such that

Gw) NUL(Y) # 9, (3.10)

forall w = (z,&,x,n) € U2(w) := Ua(z) Us(€) x Us(X) x U (7). Similarly, since
Ui (q) N Uy(7) is an | open set meeting A~(Z , €) at 7, and since A is Isc, there exist neighbour-
hoods U3(Z) and U (§) C U (&) N U, (&) such that

Az, &) N[ULG) N V2] # 9, (G.11)

for all z € U3(Z) and & € U(E). Setting UR) = U(2) N U2R) N UsR), UR) =
Ui (X) N Up(x) we infer that (3.3) holds for all (z, &, x) € U(Z) x U(g) x U (X). Indeed,
sincez e U(Z)and € € U(E) there exists n € A(z, ) N[U1(17) N U()] (see (3.11)). Since
w = (z,&,x,n) € Up(w) there exists y € Uj(y) with y € G(w) (see (3.10)). Therefore,
(3.9) holds. Since y € G(w) this implies that G(w) ¢ Q(w) which, by (3.2), is equivalent to
condition (3.8). Thus, for all (z, &, x) € U(Z) x U(g) x U(xX) we find n € A(z, &) satisfying
(3.8). This proves (3.3), as desired.

It is worth noticing that the proof of Lemma 3.1 does not require the convexity of the sets
E and K. m]
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Corollary 3.1 Let (G, D) be a B-pair and let K' be a nonempty subset of K. Then for all
(z,€) € E x K andn' € K', the set

{x e K": B(G(z,&,x, 1), D(z. & x, 1))}

is closed in K'.
Proof Let us fix n’ € K’ and consider the constant map

(z,6) e Ex K > Al(z,8) = {n'}.
Then by Lemma 3.1 the map ¢, : E x K —> 2%, defined by

9p(z,8) ={x € K:B(G(z, & x,n), D(z, & x,m), VneA(z§)
={x e K:B(G( & x,1), Dz, & x, 1))}

is closed. Hence, for all (z,£) € E x K go,’g (z,&) is closed in K. Since K’ is a subset of K,
it follows that K’ N gol’g (z,&) isclosed in K'. O

LetG: K —> 2¥ and D : K —> 2Y be set-valued maps with nonempty values. Let
Ko = {x € K : a(G(x), D(x))}.

Corollary 3.2 The set K is closed in K and the set Ky is open in K if one of the following
conditions holds:

1. a=a, Q is usc and compact-valued, and D has open graph.
2. o=an, g is Isc, and D has closed graph.

3. a =3, G is usc and compact-valued, and D has closed graph.
4. o = a4, G islsc, and D has open graph.

Proof Since Ky is the complement of K, in K, it suffices to prove that K, is closed in
K. Setting B = o, G(z,&,x,n) = 5(x) and D(z,&,x,n) = B(x), we see that gg is a
constant (set-valued) map. Namely, for all (z,§) € E x K, ¢g(z, &) = Kg. Therefore, the
closedness (in K) of K, is a consequence of Proposition 3.1 and Lemma 3.1 applied to the
pair (é, 5). ]

We now formulate the second lemma which is needed for the proof of the main result of
this paper.

Lemma 3.2 (see [37]) Let A : E x K —> 2K be a compact upper semicontinuous map
with closed values, B : E x K —s 2F be a compact acyclic map, and ¢ : E x K —> 2K
be a closed map such that, for all (z,&) € E x K, the set ¥(z,&) = ¢(z,&) N A(z,&) is
nonempty and acyclic. Then the map V := B X ¥ has a fixed point.

Proof This is a consequence of Theorem 2.1 applied to map V. O
Given set-valued maps F, C, G and D from W := E x K x K x K toY, let us set

To(z,8) ={x € A(z,§) : a(F(z,&,x,1),C(z,§,x,1), Vne€ A8}
Sp(z,6) ={x € A(z,§): B(G(z,§,x,m), D(z,§,x,1m), Vne A8}

The main result of this paper is expressed in the following theorem.

Theorem 3.1 Let A : E x K —> 2X be a compact continuous map with closed values, and
B : E x K —> 2F be a compact acyclic map. Let o and B be arbitrary relations on 2¥ . Let
(G, D) be a B-pair such that
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(i) Sg C Ty.
(ii) Forall (z,§) € E x K, Sg(z, &) is nonempty and acyclic.

Then there exists a solution of Problem (Py).

Proof Consider the map 7, : E x K —> 2EXK defined by 74(z, £) = B(z, &) x Ty(z, £)
for all (z, &) € E x K. Observe that Problem (P,) has a solution (zg, xg) € E x K if and
only if (zo, xp) is a fixed point of map 7. On the other hand, by condition (i) Vg C 7, where
Vg := B x Sg. Hence, the problem of finding a solution of (P, ) reduces to that of finding a
fixed point of V. Observe that

Sp(z,6) = ¢p(z,§) NA(z, §)

where ¢g, defined in Lemma 3.1, is a closed map. Applying Lemma 3.2 with ¢ = Sg and
¢ = @g, we derive that V has a fixed point, as desired. O

Theorem 3.2 Let A : E x K — 2K be a compact continuous map with closed values,
and B : E x K —> 2E be a compact acyclic map. Let o be an arbitrary relation on 27 .
Let (F, C) be a a-pair such that, forall (z,&) € E x K, Ty(z, §) is nonempty and acyclic.
Then there exists a solution of Problem (Py).

Proof This is a consequence of Theorem 3.1 with § = « and (G, D) = (F, C). O

Corollary 3.3 Let A and B be as in Theorem 3.2. Let f : E x K x K —> Y be a sin-
gle-valued continuous map and C' : E x K —> 2Y be a set-valued map such that, for all
(z,§) e Ex K,C'(z,&) # Y and C'(z, &) is a closed convex cone with nonempty interior.
Assume additionally that

(i) The map
(z,E) e E x K — int C'(z, &)

has open graph.
(ii) Forall (z,&) € E x K, the set

{x € Az, 8) 1 [f (2. &, %) = f(z,6, Az, §))INint C'(z,§) =¥} (3.12)
is acyclic.
Then there exists (zo, x90) € E x K such that (zo, x0) € B(z0, x0) X A(zo, x0) and, for all
n € A(zo, x0),
f (20, x0, x0) — £ (20, X0, n) & int C'(zo, x0).

Proof Forallw = (z,§,x,n) ¢ W = E x K x K x K, letus set F(w) = f(z,§,n),
C(w) = f(z,&,x) —int C'(z, §). (Thus, F does not depend on x and C does not depend on
n.) Since f is a single-valued continuous map, we see that F is continuous, and C has open
graph. By Proposition 3.1 (F, C) is a «-pair with @ = «1. On the other hand, the set (3.12) is
exactly the set Ty, (z, £) which is acyclic by assumption (ii). In addition, this set is nonempty
(see [18,31]). To complete the proof it remains to apply Theorem 3.2 with & = . O

Remark 3.1 Theorem 1 of [20], Theorem 2.1 of [21], Theorem 3 of [23], Theorem 3.1 of [5]
and Theorem 3.8 of [6] are direct consequences of Corollary 3.3.
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Corollary 3.4 Let A and B be as in Theorem 3.2. Let F : W —> 2Y be Isc and let
C : W — 2Y have closed graph. Assume that, for all (z, &) € E x K, the set

(x €Az, 8) : F(z,§,x,n) CC(z, 8, x,m), Vne Ak )}

is nonempty and acyclic. Then there exists a point (29, x0) € E x K such that (z9, xo) €
B(z0, x0) x A(zo, X0) and for all n € A(zo, xo)

F(z0, x0, X0, 1) C C(z0, X0, X0, 1)-

Proof Apply Theorem 3.2 with « = a» and observe by Proposition 3.1 that (F, C) is a
ap-pair. O

Remark 3.2 Corollary 3.4 improves Theorem 3.1 of [43] and proves that both Problems (Py)
and (P>) mentioned in [43] (i.e. Problems (ﬁl) and (ﬁz) formulated in the Introduction) can
be investigated by a unified approach. This remark is based on the fact that Problem (P1)
(resp. (}72)) corresponds to the case when F(z, &, x, n) does not depend on x (resp. 1) and
C(z, &, x, n) does not depend on 7 (resp. x).

Remark 3.3 With the help of Corollary 3.4 we can derive Theorem 1 of [13], and Theorems
3.1 and 3.2 of [39] under conditions which are much weaker than those of [13,39]. For a
detailed discussion, see [43].

Corollary 3.5 Let Y;, i = 1,2, be topological vector spaces. Let ECZ and K;CX;, i =
1,2, be nonempty convex sets where Z and X; are locally convex Hausdorff topological
vector spaces. Let B’ : E x K1 x Ko — 2F be a compact acyclic map and let A; :
E x K1 x Ky —> 2Ki i = 1,2, be compact continuous maps with nonempty closed val-
ues. Let C; : E x Ky x Ky —> 2Yi | = 1,2, be set-valued maps such that, for each
(z,61,6) € E x K1 x Ky and each i = 1,2, Ci(z, &1, &) is a closed convex cone with
nonempty interior and C;(z, €1, &) # Y;. Assume that the set-valued maps

(2,61,5) e Ex K| x Ky — int Ci(z,€1,&), i=1,2,

have open graphs. Assume that ¢; : E x K; x K —> Y;, i = 1,2, are single-valued
continuous maps such that at least one of the following conditions (i) and (ii) is satisfied:

(i) Foreach (z,&1,&) € E x K1 X K>, the sets

a1(z,&1,8) = {x1 € A1(z,§1,8) :
[1(z, x1, &) — ¢1(z, A1(z, &1, €2), &)1 Nint C1(z, &1, &) = 7},

ax(z,&1,82) = {x2 € A2(z, 61, 8&) :
[02(z, &1, x2) — @2(z, &1, A2(z, &1, &2))] Nint Ca(z, &1, &) = 0},

are acyclic.
(ii) Foreach (z,§1,6) € E X K| x K», Ai(z,§1,&),i = 1,2, are convex, ¢i(z, -, §2) is

properly Cy(z, &1, &)-quasiconvex and — ¢(z,§1,-) is properly Ca(z,&1,82)-
quasiconvex.

Then there exists a point (z(),x?,xg) € E x K| x K, such that zy € B'(z, x?, xg), x? €
A; (2o, x?, xg), i=1,2, and

0 .0 NP 0 .0 0 .0
®1(z0, X7, x3) — ¢1(20, M1, X3) ¢ int C1(z0, X7, X3), N1 € A1(20, X7, X3),

0 .0 0 . 0 .0 0 .0
©2(20, X1 X3) — 92(20, X1, 12) & int Ca(20, X1, X3), V2 € A2(20, X[, X3).
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Proof Letusset X = X1 x Xp, Y =Y xYoand K = K1 x Ky.Forz € E, & = (§1,&) €
K=K xKy)y,x=(x1,x) € K=K xKyandn = (n1,n) € K=K x K letus set
F(z. & x,m)={le1(z x1, &)1z, n. )] x[02(z, &1, X222, &1, M)} CY =Y x Y2,
Az, §) = A1(z, 61, 62) X Ax(z,61,8) C K =K1 x K>,
B(z,§) = B'(z,61,6) C E,
C(z, &, x,n) = [1\int Ci(z, &1, 62)] x [Y2\int Ca(z,£1,6)] C Y =Y x 2.

To apply Corollary 3.4 we need to prove that, for each z€ E and each § = (§1,8) €
K| x Ky = K, the set

Az,8) = 1{x € Az, &) : F(z,6,x,1) C C(z,E,x,1), VneAQ§)
is nonempty and acyclic. Indeed, by the above definitions of F and A we can verify that
Az, §) = a1(2,6) x @2(2,5) C Ki x K2 C X1 x X2
where

ai(z,&) = {x1 € A1(z, &1, &) :
@1(z, x1,62) — @1(z, M1, §2) € N\int C1(z, &1, 82), Vm € A1(z, 61, 62)}
=a1(z, 61, &),
a2(z,8) = {x2 € A2(z, 61, &) :
©2(z, &1, x2) — @2(z, &1, m2) € Yo\int Ca(z, &1, &2), Vm € Ax(z, &1, 62)}
= ax(z, 1, &2).
(For the definition of sets a;(z, &1, &), i = 1, 2, see condition (i) of Corollary 3.5.) Since
®1(z, A1(z, &1, 62), §2) and ¢a(z, &1, A2(z, &1, §2)) are compact, it follows from [18,31] that
ai(z, &1, &) # 0,1 = 1,2. Therefore, A(z, §) is nonempty.
If condition (i) holds, then A(z, §) is acyclic since it is the product of acyclic sets a;(z,8),

i =1, 2. We now prove that A(z, &) is acyclic if condition (ii) of Corollary 3.5 holds. Indeed,
observe that

ai1(z,§) = A1(z, &1, &) Naj(z, &1, &),
where & = (£1, &) and the set

aj(z,£1,8) = {x1 € K1 :
{91z, x1. £} N[@1(z. A1z, &1, §2). &) + int C1 (2, &1, &)] = B}

is convex by the fourth claim of Proposition 2.3. Therefore, a(z, &) being the intersection
of two convex sets is convex. By a similar argument we can verify that a(z, &) is convex.
Therefore, A (z, &) being the product of two convex sets is convex and hence, it is acyclic, as
desired.

Now, applying Corollary 3.4 we claim that there exist points zg € E, xo := (x?, xg) €
K = K; x K; such that zg € B(zo, x0) = B'(z0, x?, xg), xXp = (x?, xg) € A(zo,x0) =
A1(z0, xV, x9) x Az (zo, xY, x9) and

F(z0, x0, %0, 1) = {[¢1(z0, %}, x3) — 01 (20, 11, xD] x [92(20, xY, x3) — ¢2(20, X7, 1)1}
C [Y1\int Cy(zo, X7, x)] x [Y2\int C2(z0, 1}, x3)]

for all n = (1, n2) € A(zo, x0) = Al(z(),x(l),xg) X Az(z(),x?,xg). This proves that the
point (zo, x?, xg) satisfies the conclusion of Corollary 3.5. O
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Remark 3.4 When E and B are absent, ¢; (z, £1, &) and A (z, &1, &), i = 1, 2, donotdepend
on z, and C;(z, &1, &), i = 1,2, do not depend on z, & and &, Corollary 3.5 becomes a
theorem in [14,p. 710] dealing with the existence of solutions of symmetric quasi-equilibrium
problems.

Remark 3.5 Corollary 3.3 can be derived from Corollary 3.5 by setting X1 =X>=X, Y1=Y> =
Y, K1 = K2 = K, A1(z, &1, &) = {&2), A2z, 61, 6) = Az, &1), B'(z, &1, 6) = B(z, &),
Ci(z,£1,6) = Ca(z, 81, &) = C'(z, &) and ¢1(z, &1, &) = ¢2(z, &1, &) = f(z, &1, &),

where 7 € E, & € K, & € K, and A, B, C’ and f are set-valued maps mentioned in
Corollary 3.3.

Now, for each fixed point (z, £) € E x K we seta = A(z, &) and we consider the set-val-
uedmap f, ¢ :axa —> 2Y defined by setting fre(x,n) = F(z,&,x,n)for (x,n) €axa.
The maps c; ¢, g;.¢ and d; ¢ are defined similarly.

Theorem 3.3 Let A : E x K — 2K be a compact continuous map with closed convex
values, and B : E x K —> 2F be a compact acyclic map. Let o be an arbitrary relation
on2Y . Let (F,C) be a a-pair such that, for all (z,&) € E x K, Ty(z, £) is acyclic and, in
addition, the following conditions are satisfied :

(i) Forall x € A(z, &), the set
{neA§): alfoelx,m),celx,m)}

is convex.
(ii) Forallx € A(z,%), a(fre(x,x), cre(x, x)).
Then there exists a solution of Problem (Py).

Proof First observe from Corollary 3.1 with K’ = A(z, &) that for all n € A(z, §) the set
{(x € A(z,&) : a(f;e(x,n),ce(x,n))}is closed in A(z, §). Now making use of Proposi-
tion 2.1 with B =, f = g = f,¢, ¢ = d = c; ¢ we derive that T, (z, £) is nonempty
for all (z,&) € E x K. It remains to apply Theorem 3.2 to obtain the conclusion of
Theorem 3.3. O

Remark 3.6 Proposition 2.3 can be used to derive condition (i) of Theorem 3.3if C(z, &, x, )
does not depend on 7 and is of the form

C(z,é,x,n):H(z,é,x)—l—intC’(z,E,x) (3.13)
or
C(z,&,x,n)=H(z,€,x)+C'(z,€,x) (3.14)

where H(z, &, x) C Y is a nonempty set and C'(z, &, x) C Y is a nonempty convex cone.
For example, if C is of the form (3.13) with H(z, &, x) being convex and if f; ¢(x, ) is
natural [—C’(z, &, x)]-quasiconvex on A(z, &), then condition (i) of Theorem 3.3 holds for
o =o].

From Remark 3.6 we see that combining Theorem 3.3, and Propositions 3.1 and 2.3 will
give existence results for Problem (Py,;) where C is of the form (3.13) or (3.14). We will not
formulate all of these existence results. But, as an illustrating example, we restrict ourselves
to an existence result for Problem (P, ).

Corollary 3.6 Let A and B be as in Theorem 3.3. Assume that F : W — 2Y is usc
and compact-valued, and C : W — 2V is of the form (3.13) where H(z,£,x) C Y isa
nonempty convex set and C'(z, &, x) C Y is a convex cone with nonempty interior. Assume
additionally that
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(i) The map C defined by (3.13) has open graph.
(i) Forall (z,€) € E x K and x € A(z,§), F(z,&,x, ") is natural [—C'(z, &, x)]-quasi-
convex on A(z, ).
(iii) Forall (z,£) € E x K and x € A(z, §),

F(z,&,x,x) ¢ H(z,§,x) +int C'(z, &, x).
Ifforall (z,&) € E x K the set Ty, (2, §), i.e., the set
(x € A(z,&): F(z.&,x,n) ¢ H(z, &, x) +int C'(z,€,x), VYne€ Az, §)},
is acyclic, then there exists a solution of Problem (Py,).
Proof Use Theorem 3.3 and Remark 3.6 with o = «y. O

Remark 3.7 The requirement of Corollary 3.6 that the set Ty, (z, §) is acyclic is automatically
satisfied if H(z, &, x) and C’(z, &, x) do not depend on x, i.e., H(z,&,x) = H(z,&) and
C'(z,6,x) =C'(z,¢), and if F(z,&,-,n) is generalized proper [—C'(z, £)]-quasiconcave
on A(z, £). This is because in this case Ty, (z, &) is convex (Proposition 2.3).

Theorem 3.4 Let A : E x K —> 2X be a compact continuous map with closed convex
values, and B : Ex K —> 2F be a compact acyclic map. Let o and B be arbitrary relations
on?2¥. Let (G, D) be a B-pair such that, for all (z,§) € E x K, Sg(z, &) is acyclic. Assume
additionally that, for each (z,§) € E x K, the set a = A(z, &) and the maps f = f ¢,
C = cCpe, &§ = 8¢ and d = dy ¢ satisfy conditions (i), (iii), (iv) of Proposition 2.1 and
conditions (i), (ii) and (iii) of Proposition 2.2. Then there exists a solution of Problem (Py).

Proof This is a consequence of Theorem 3.1 since by Proposition 2.1 Sg(z, &) is nonempty,
and by Proposition 2.2 Sg(z, &) C Ty(z, &) forall (z, &) € E x K. (Condition (ii) of Prop-
osition 2.1 is satisfied by Corollary 3.1.) O

The rest of this section is devoted to discussions related to the sets Sg(z, &) and T, (z, §).
In some existence results we have assumed that Sg(z, &) or Ty (z, &) is acyclic. Such an
assumption for sets similar to Sg(z, §) and T, (z, &) is used in several papers dealing with
vector equilibrium problems (see e.g. [20,21,27,29,42] and references therein). Observe that
checking this assumption becomes easier if some convexity properties are introduced (see
[20,21,27,29,42]). In case of Sg(z, &) we have the following result which gives sufficient
conditions for Sg(z, &) to be acyclic. (Similar result can be formulated for Ty (z, §).)

Proposition 3.2 Let (z, &) be a fixed point of E x K. Assume that A(z, §) is convex and, for
each n € K, the set

{x e K:B(G(z & x,1m), D(z,§, x,n)} (3.15)
is convex. Then Sg(z, &) is convex (and hence, it is acyclic).

Proof Let us denote the convex set (3.15) by Sg(z, &, n). Then

Sp(z, &) = ﬂ Sg(z,&,n)

n€A(z.§)

is convex since it is expressed as the intersection of a family of convex sets. On the other
hand, by the definition of Sg(z, §) we get

Sp(z, &) = Az, ) N Sy(z, §).

This proves the convexity of Sg(z, &) since both sets A(z, §) and S/’3 (z,&) are convex. O
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Remark 3.8 If D(z, &, x, n) does not depend on x and can be expressed as the sum of a
convex set and a convex cone, then the convexity of the set (3.15), with 8 = a7, a2, o3, a4,
is assured by an appropriate convexity property of the map G(z, &, -, ) (see the conditions
for convexity of the set Qg in Proposition 2.3).

Remark 3.9 For each (z,&) € E x K the nonemptiness of Sg(z, &) can be derived from
Proposition 2.1 with suitable assumptions of a = A(z, &), g(x,n) = G(z,&,x,7n) and
d(x,n) = D(z,&, x,n) (see the proof of Theorem 3.4). Similarly, the nonemptiness of
Ty (z, &) can be obtained from Proposition 2.1 (see the proof of Theorem 3.3).

Remark 3.10 Wehave seen from the above discussions that by means of Proposition 3.2 (resp.
Proposition 2.1) sufficient conditions for the set Sg(z, &) to be acyclic (resp. nonempty) can
be given in terms of conditions imposed on the maps F, G, C, D and A. Thus, these con-
ditions guarantee the validity of the assumption (ii) of Theorem 3.1. On the other hand, the
assumption (i) of Theorem 3.1 is usually assured by a pseudomonotonicity type condition
where some links between F', G, C, D and A are required to be satisfied. So, with the help of
Propositions 3.2 and 2.1, and a pseudomonotonicity type assumption, the formulation of the
assumptions (i) and (ii) in Theorem 3.1 can be replaced by suitable conditions imposed on
F, G, C, D and A. In other words, we can derive from Theorem 3.1 sufficient conditions for
the existence of solutions of Problem (P, ) without mentioning the sets Sg(z, §) and Ty, (z, &).
(Similar remarks can be made for Theorems 3.2-3.4.) For the case @ = a1, oy, o3, o4, €Xis-
tence theorems for Problem (P, ) will be obtained in Sect. 4 without the direct appearance of
these sets.

4 Some special cases

Throughout this section we assume that A : £ x K —> 2X is a compact continuous map
with closed convex values and B : E x K —> 2F is a compact acyclic map. We assume
that for all (z,&,x) € E x K x K H(z,&,x) C Y is a nonempty set and C’(z,&,x) C Y
is a convex cone with nonempty interior. In Theorems 4.1 and 4.4 we additionally assume
that, for all (z,&,x) € E x K x K, H(z, &, x) is a convex set. This convexity property of
H(z, &, x) is not needed for the validity of Theorems 4.2 and 4.3.

This section is devoted to existence theorems for Problem (P, ) where C(z, &, x, n) does
not depend on 7 and is of the form (3.13) (for « = «; and « = «a4) or the form (3.14)
(for @« = ap and o = «3). These are Theorems 4.1—4.4, all of which are consequences of
Theorem 3.4, Corollary 3.2 and Propositions 3.1 and 2.3. Condition (i) in these theorems
plays the role of a pseudomonotonicity assumption and is inspired by the corresponding
pseudomonotonicity condition (i) of Theorems 1 and 1A of [35]. We will give a detailed
proof of Theorem 4.1 and delete the similar proof of Theorems 4.2—4.4.

Theorem 4.1 Assume that F : W — 2 is Isc map. Assume additionally that
(i) Forall (z,§) € E x K and (x,n) € A(z,§) x A(z, §),

F(z,&,x,n) ¢ H(z,&,x)+int C'(z, £, x)
= F(z,&,n,x) CH(z,§n)+C'(z,&n).

(ii) Forall (z,§) € E x K and (x,n) € A(z,&) x A(z, &) withx # n, if F(z,&,x,n) C
H(z,& x)+int C'(z,&,x) then F(z,&,u,n) C H(z,&,u) +int C'(z, &, u) for some
u € |x, nl.
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(iii) Forall (z,&,x) € Ex K x K, F(z,§, x,-) is natural [—C'(z, &, x)]-quasiconvex on

A(z, §).
(iv) Forall (z,€) €e E x K and x € A(z, &),

F(z,&,x,x) ¢ H(z,§,x) +int C'(z, &, x).
(v) The map
(z.6,m € Ex K x K+ H(z,§,n) +C'(z,&, 1)
has closed graph.
Then there exists a solution of Problem (Py,) with C being defined by (3.13).

Proof This is a consequence of Theorem 3.4 with @ = a1, B = a2, C(z,&,x,n) =
H(z,&, x)+int C'(z,&,x), G(z,&,x,n) = F(z,§,n,x)and D(z,&,x,n) = H(z, & n)+
C’(z,&,1n). Indeed, by Proposition 3.1 (G, D) is a B-pair with B = «ay. Also, for all
(z,&) € E x K the set Sg(z, &) is convex (and hence, it is acyclic). Indeed, in our case

Sp(z. &)= {x € A(z,8) : F(z,&,1,x) CH(z, 6, )+ C'(z,§, 1), Vne Az §)}
= () S@é&mn

neA(z,§)

where

S(z, &, m) ={x €Az, §): F(z,§,n,x) CH(z, & n+C'(z. & n)

is a convex set (see the second claim of Proposition 2.3). Since Sg(z, £) is the intersection
of a family of convex sets, it must be convex, as required.

It remains to verify that, for fixed (z,&) € E x K, the seta = A(z, §) and the maps
f = frg, ¢ =cre, § = 8¢ and d = d, ¢ satisfy all conditions of Propositions 2.1
and 2.2 with ¢ = a1 and B = 3. Indeed, condition (i) (resp. (iv)) of Proposition 2.1
is exactly condition (i) (resp. (iv)) of Theorem 4.1 with fixed (z,£) € E x K. Condition
(ii) of Proposition 2.1 is derived from the second claim of Corollary 3.2. For the validity
of condition (iii) of Proposition 2.1, see the second claim of Proposition 2.3. Condition (i)
(resp. (iii)) of Proposition 2.2 is exactly condition (ii) (resp. (iv)) of Theorem 4.1. To verify
condition (ii) of Proposition 2.2 it suffices to show that condition (ii)’ in Remark 2.3 is ful-
filled. In other words, assuming that (x,n) € a x a with x # n, B(g(x,u),d(x,u)) and
o(f(u,n),c(u,n)),ie., in our case

F(z,&,u,x) C H(z,&,u) +C'(z,&, u), 4.1)

F(z,& u,n) C H(z,& u) +int C'(z, &, u), 4.2)

we need to prove that o(f(u,u), c(u,u)) for all u € ]x, n[. Indeed, setting ]7 =
F(z,&u,"),h = H(z,& u)andc’ = C'(z, &, u) wederive from (4.1) and (4.2) that x € Qq,
and 7 € go, where

Qu, = {x €a: f(x) Ch+<c),
Guy = (x €a: f(x) Ch+intc}.

By Proposition 2.3 u € gq, forall u € ]x, n[. In other words,

F(z, &, u,u) C H(z,€,u) +int C'(z, €, u),
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a(f(u,u), c(u,u)).

This proves that condition (ii)’ in Remark 2.3 is fulfilled, as desired. O

Theorem 4.2 Assume that F : W — 2V is a usc and compact-valued map. Assume
additionally that

(i) Forall (z,&) € E x K and (x,n) € A(z,&) x A(z, &),
F(z,€,x,m) C H(z,E,x) + C'(z,&, x)
= F(z,&,n,x) ¢ H(z,§,n) +int C'(z, €, n).

(ii) Forall (z,€) € Ex K and (x,n) € A(z,&) X A(z, &) withx #n, if F(z,&,x,n) ¢
H(z,&,x)+ C'(z,&,x) then F(z,&,u,n) ¢ H(z,& u)+ C'(z, &, u) for some u €
Tx, nl.

(iii) Forall (z,&,x) € E x K x K, F(z,§&, x, -) is generalized proper [—int C'(z, &, x)]-
quasiconcave on A(z, &).

(iv) Forall (z,§) € E x K andx € A(z,§),

F(z,€,x,x) C H(z,€,x) + C'(z, &, x).
(v) The map
(z.6,m) € Ex K x K —> H(z,&,n) +int C'(z, &, 1)
has open graph.

Then there exists a solution of Problem (Py,) with C being defined by (3.14).

Theorem 4.3 Assume that F : W — 2Y is a lsc map. Assume additionally that
(i) Forall (z,€) € E x K and (x,n) € A(z,&) x A(z, &),

F(z,&,x,mN[H(z,§x)+C' (2,6, x)| # 0
= F(z,&, 0, x)N[H(z,§,n) +int C'(z, & )] = 0.

(ii) Forall (z,€) € E x K and (x,n) € A(z,&) x A(z, &) with x # 1,

if F&x,mN[H(ZEx)+C(z,6x)]=0
then  F(z,& u,n) N[H(z, & u) +C'(z,&,u)] =0,

for some u € Ix, n[.

(iii) Forall (z,&,x) € E x K x K, F(z,§&,x, ") is proper [int C'(z, &, x)]-quasiconvex
on Az, §).

(iv) Forall (z,§) € E x K andx € A(z,§),

F(z,€,x,x)N[H(z,€,x)+ C'(z,&,x)] £ 0.
(v) The map

(z.€6,m) € ExK x K+ H(z,§n) +int C'(z, &, 1)
has open graph.
Then there exists a solution of Problem (Py,) with C being defined by (3.14).
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Theorem 4.4 Assume that F : W — 2 is a usc and compact-valued map. Assume
additionally that

(i) Forall (z,&) € E x K and (x,n) € A(z, &) x A(z, §),
F(z,&,x,)N[H(z,&,x)+int C'(z,€,x)| =9
= F(z, & n,x)N[HE &)+ C'(z, & m] #0.
(ii) Forall (z,€) € E x K and (x,n) € A(z,&) x A(z, &) with x # 1,

if F(z,§,x,m)N[H(z & x)+intC'(z,&x)] #0
then F(z,&,u,n)N[H(z, & u)+int C'(z, &, u)] # 0,

for some u € ]x, n[.
(iii) Forall (z,6,x) € Ex K x K, F(z,&,x,-)is C'(z,&, x)-concave on A(z,§).
(iv) Forall (z,&E) € E x K andx € A(z, &),

F(z,&,x,x)N[H(z, & x) +int C'(z, &, x)] = 0.
(v) The map
(z,E,M) e ExKxKr— H(z,E,0)+C'(z,€,1)
has closed graph.
Then there exists a solution of Problem (Py,) with C being defined by (3.13).

Remark 4.1 Existence results for each of Problems (P,,), i = 1, 2, 3, 4, are obtained in [17].
Unfortunately, as we have seen in Sect. 3, they are incorrect. Our Theorems 4.1-4.4 provide
exact existence results for these problems under suitable assumptions which are quite differ-
ent from those of [17]. Observe that Theorems 4.1-4.4 use some pseudomonotonicity type
assumptions (see condition (i) in each of these theorems). Existence results in non-monoto-
nicity/non-pseudomonotonicity cases can be found in [24] (see Theorems 3.2-3.5 of [24] and
Remarks on pages 620, 622, 623 and 625 of [24]) for problems where E and K are metrizable
and conditions (3.13) and (3.14) are simplified: in [24] it is assumed that H(z, &, x) = {0}
and C’(z, &, x) does not depend on (z, x). The reader is also referred to [7,22,26,28,44] for
the non-monotonicity/non-pseudomonotonicity cases with Y being topological vector spaces
[22,26] or the extended real line [7,28,44].

Remark 4.2 The pseudomonotonicity type assumptions in Theorems 4.1-4.4 are inspired by
the corresponding notions of pseudomonotonicity of [35] (see [35,Theorem 1, condition (i)]
and [35,Theorem 1A, condition (i)]). Another type of pseudomonotonicity assumption which
is quite different from [35,Theorem 1, condition (i)] and from our condition (i) in Theorem
4.1 can be found in [34,Theorem 1, condition (iv)]. Pseudomonotonicity assumptions which
are different from the corresponding ones of [35], but similar to condition (iv) of Theorem 1
of [34], are also introduced in [1,2,8,10,19,25,30,38] to deal with some simplified versions
of Problem (P, ). So, the results of these papers and the ones of our Theorem 4.1 are different
since the pseudomonotonicity type assumptions used in these papers and in our Theorem 4.1
are not the same.

Remark 4.3 Our Theorem 4.1 is different from Corollary 1 of [35]. Indeed, firstly in
[35,Corollary 1] it is assumed that A(z,£) = K (i.e. A is a constant set-valued map),
H(z,&,x) ={0}, and F(z,&,x,17) = F(x,n) and C'(z, €, x) = C’(x) (i.e. both the maps
F and C’ do not depend on (z, £)), while in our Theorem 4.1 all these conditions are not
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required to be satisfied. Secondly, if we restrict ourselves to Problem (Py,) under the just
mentioned conditions of [35,Corollary 1] (and under the compactness of the set K), then
we can see that different hypotheses of F(x, n) are used in Corollary 1 of [35] and in our
Theorem 4.1. Namely, in Theorem 4.1 F(x, n) is assumed to be Isc in two variables x and n
but the compactness of F(x, 1) is not required to be satisfied at any point (x, n) of K x K,
while in [35,Corollary 1] it is assumed that, for all (x,n) € K x K withx # n, F(x,-) is
Isc, and F'(-, n) is usc and compact-valued on [x, n].

Remark 4.4 Remark 4.3 indicates the difference of our Theorem 4.1 and Corollary 1 of [35].
Similar difference can be shown between our Theorem 4.4 and the corresponding result of
[35] dealing with a simplified version of Problem (Py,). Observe that Problems (Py,) and
(Pqy) are not considered in [35] and hence, the paper [35] does not contain results similar to
our Theorems 4.2 and 4.3.

Acknowledgements The authors would like to thank the anonymous referee for valuable comments which
improved the paper.
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